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1. C, P & T for spinors

Under parity, charge conjugation and time reversal a Dirac field ¢ transforms as

Py(@) P = npy"P(zp) @l = (z0,—X)
Cy(@)C" = neCi(@)"
Tlﬁ(x)T_l = nTBw(IT) ‘Z‘% = (—.T(),X) )

with P, C, T the linear, linear and antilinear operators (respectively) implementing
these operations (note that antilinear means 7' | A¢) = A*T' |¢) and that if T |¢) =|
¢r) then (¢'|@d) = (ér| ¢7))- npjc/r are the intrinsic parity, charge conjugation
parity etc. (remember: | np/c/r [*= 1). According to Wigner’s theorem any linear
operator must be unitary and any antilinear operator must be antiunitary. The matrix
C is defined via Cy*TC~! = —4# (where we assume that v* = (7%, —v)). One can
show that C* = —C and CTC = 1. The matrix B is defined by By**B~! = (v°, —v)
and one can show that BfB = 1. If you need a specific representation for your
calculations, take the Dirac-Pauli one (of course any would do).

(a) Show that ByiB~! = v; and verify that with the assumed form of v*T we may
take B = +v5C.

(b) Compute P(z)P~L, Cp(z)C~" and Tep(z)T .

(c) Show that, if X is a matrix acting on Dirac spinors,

CP(x)Xv(z)C! = P(z)Xov(z)

To(@)Xep(x) T = (or)Xr(ar)
where X¢ = CX"C™!' (4 and 4 anti-commute (!)) and X; = BX*B~'. What
is the expression for Py (z)Xv(x)P~ .
(d) Hence determine the transformation properties of the fermionic bilinears 1, iy, v, v*75
and i[y*, "] under parity, charge conjugation and time reversal .

(e) If |p) is a boson with momentum p and { 0| ¥(0) iy5(0) |p) # 0, show that in
a theory where P and C are conserved the boson must have negative intrinsic
parity and also positive charge conjugation parity.



Homeworks

1. Lecture clean-up

(a) Let v = (&5, Xﬂ-)T be a Dirac spinor in two-component notation. Show that then
¢ = (x*,&)7 in the Weyl representation.

(b) For the proof that j/ = —j# we needed that for a Dirac spinor ¢ = —¢pTC~1.
Show this.

(c) Consider the kinetic term of a Majorana field theory, i.e.
L =1ixc"0,x .

Show that L is real and Lorentz invariant.

(d) Combine two independent Weyl spinors x; and xo into a Dirac spinor 9p =
(x1, X2)T and show, using the Weyl representation, that then the Lagrangian

L= 2')216“8“)(1 + 7;)225'uauX2
can be rewritten in the form

Lp= ’iTzD’Yua;ﬂPD .



