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In the exercise we construct the conformal group and analyze its corresponding algebra.

Exercise 4.1: The Conformal Group in d > 2 Dimensions (20 credits)

The conformal group is defined to be the subgroup of all coordinate transformations z +— z’
which leave the metric invariant up to an overall factor Q(x)

N (%) = 1 (2) = Q)17 () (1)

(a) Consider an infinitesimal transformation z* +— z# 4 ¢*. Show that it belongs to the
conformal group if the so called conformal Killing vector equation is satified:

2
Oue, — Op€, = 3(8 €)M - (2)

(3 credits)

(b) In order to find all infinitesimal conformal transfomations one has to find the most
general solution to eq. (2). Useful equations can be found by acting on it with 9?97,
Take p = u, 0 = v, and show that this leads to

00 -€)=0. (3)
(2 credits)

(¢) Now choose only ¢ = v to prove

0,0,(0-€)=0. (4)

Show that this implies
0-e=d(\—2byz), (5)
where A\ and b, are constants chosen for later convenience. (2 credits)

(d) Differentiate (2) with respect to . Show that this conduces to the following result
O0n€y — Oy€q = 4(10b, — 2,00) — 2W4, (6)

where w,,, is a constant antisymmetric tensor. (2 credits)
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(e)

(f)

Use the previous equation together with (2) to find (2 credits)

€ = Ay + AT+ Wy, + b2* —2(b- z)z, (7)

One can associate a generator of the conformal algebra to each of the generators
(7). The momentum operator P, is responsible for the translations a,. Similarly the
generators M, of the Lorentz group SO(1,d— 1) induce the infinitesimal boosts and
rotations related to w,,. These generators together lead to the Poincaré algebra. The
remaining parameters are associated to the dilatation operator D and the generators
K, of the special conformal tranformations
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(8)
Let us consider a translation e . Expanding this term and comparing it to (7),
one can show that P, = i, as expected. In order to account for the antisym-
metry of M, Lorentz transformations are written according to the convention
A = exp{—35w,, M"}. One can then choose

M,, =i(z,0, — x,0,) . 9)
Apply similiar arguments to show that the remaining generators are of the form
D =is"d,, K,=1ilz%0,—2x,2"0,] . (10)

(1 credit)

Use the explicit form of K, and consider a special conformal transformation e~

acting on a given coordinate x°. Show that this exponential agrees with the expansion
of the denominator in (8) to first order. (3 credits)

The commutation relations between the generators of the Poincaré group are already
known

(M, Mpo] = =i My — Mo Mup — MpMyuo + Mo M,p) ,

. (11)
[M/UM Pp] = _l(nuppl/ - nupPM) .

Prove the following commutation relations: (3 credits)
[D,P,] = —iP,, D, K, =1K,, (12a)

(D, M,,] =0, [P, K,] = 2iM,, — 2in,, D, (12b)

M, K, = =i(n,K, — n,,K,) . (12¢)

Use the previous results to find an isomorphism between the conformal algebra and
that of SO(2,d). The fact that the conformal group in d dimensions is isomorph to
the symmetry group of AdS4,1, is in fact one of the key ingredients fro the AdS/CFT
correspondence to work. (2 credits)



