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22. Reduction of 11 dimensional SUGRA (20 credits)

(a) Use the 11 dimensional vielbein ansatz

EA
M =

(
eβφeaµ 0
eαφAµ eαφ

)
where A and M run from 0 to 10. Further a and µ run from 0 to 9. M and µ
are indices for curved coordinates and A and a for flat coordinates. eaµ is a 10
dimensional vielbein, φ is a scalar field and Aa a 10 dimensional abelian gauge
field. Calculate the inverse vielbein EM

A. Determine the metric with the help
of

GMN = EM
AηABE

B
N

where ηAB is the 11 dimensional Minkowski metric. This result is also true for
the 10 dimensional vielbeins.

(2 credits)

(b) Use the definition of one-forms

EA = EA
Mdx

M , ea = eaµdx
µ, A = Aµdx

µ

to find
E10 = eαφ(dx10 + A), Ea = eβφea.

Use this result to read of the components of the two-form ω from

dEM = −ωMN ∧ EN , deµ = −ω̂µν ∧ eν

which is valid if torsion is vanishing. Your result should be

ω10
µ = α∂µφe

−βφE10 +
1

2
e(α−2β)φFµνE

ν ,

ωµν = ω̂µν − βe−βφ(∂µφEν − ∂νφEµ)− 1

2
e(α−2β)φF µ

νE
10

with

dA = F =
1

2
Fµνe

µ ∧ eν .

(4 credits)
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(c) Use your result from part (b) together with

RM
N = dωMN + ωMP ∧ ωPN , rµν = dω̂µν + ω̂νσ ∧ ω̂σν

to calculate R10
µ and Rµ

ν .

(4 credits)

(d) Use

RM
N =

1

2
RM

NOPE
O ∧ EP

and your result from part (c) to read of R = 2R10
µ10

µ + Rµ
νµ
ν . Show that the

term which involves the connection ω vanishes if α = −9β.

(4 credits)

(e) Enter the result from part (d) into

S11 ⊃ −
1

2κ211

∫
d11x
√
−GR

and integrate to obtain the 10 dimensional action. Reduce also
√
−G to the 10

dimensional determinant.

(2 credits)

(f) The full bosonic part of the 11 dimensional SUGRA action can be written as

S11 = − 1

2κ211

∫
d11x
√
−GR− 1

2κ211

∫
F4 ∧ ∗F4 +

1

12κ211

∫
A3 ∧ F4 ∧ F4.

Try to reduce also the two last terms to 10 dimensions. Maybe it is a good idea
to check the literature to find suitable tricks. The full result is the bosonic part
of the IIA SUGRA action in 10 dimensions.

(4 credits)
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