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1. The Lorentz group

The Lorentz group is defined as the set of transformations
ot — A* ¥
which leave the scalar product (x,x) := n,,z*2" invariant.

(a) Show that the Lie algebra of the Lorentz group is the set of all antisymmetric
matrices. Hint: Reformulate the statement about the invariance of the scalar

product in 7n,, = 7,A?,A%, and write an element of the Lorentz group as
AR, o 8 — AR, = 68 — dag(Ag)Hy .

(b) Choose
()0, = (5% — 0%
as a basis for the Lie algebra. What do these matrices look like? Describe the
form of the matrices in words. Verify the commutation relations

(M M) = = (0N — M — oM ). (1)
(c) We split the generators into 2 groups:

2 7 '

The J’s have only spacial indices, the K’s have spacial and timelike indices.
Verify the commutation relations

[T, 7] =iet gk [0 K] =it KE K KT = —ie?h R,
and describe the meaning of each relation in words. What kind of transforma-
tions do the J’s and K’s correspond to?

(d) The form of the commutation relations for the Lorentz algebra can still be
simplified. Define

(J' £iK")

N~

3 _
L/R =
and verify the commutation relations

(T}, T7] = ie’* Ty, [Th, Th] = ie* Tk, [T}.T%] =0.



(e) Classify the representations of the Lorentz algebra using what you learned about
su(2) on the previous exercise sheet.

Conclusion: Every representation of the Lorentz algebra can be characterized
by 2 non-negative integers or half-integers (jr, jr)-

2. Weyl spinors

Summarizing our foregoing considerations, the Lorentz transformation on Minkowski
space is given by

A =-exp (—%wwM’“’) . (2)

Now we take eq. (1) as the definition of the Lorentz algebra and investigate its
representations. To make this point clear, we write D(A) instead of A.

(a) Define a, # by the equations w;; = €;x04 and 3; = wp; to show

-,

D(A) = exp (—2’ [0‘2- J+3- [?]) = exp (—2’(& — i) - fL> exp (—i(o‘i—k if3) - TR) .

Note that T4, Tt are still unspecified, we only know their algebra. For a parti-
cular representation, we have to make a choice!

(b) Specialize to a representation: Choose the T%, T% to be the Pauli matrices o;.
The simplest representations of the Lorentz group are (1/2,0) and (0,1/2). An
object transforming in the (1/2,0) representation is called a left-chiral Weyl
spinor. The definition of a right-chiral Weyl spinor is obvious. How many entries
does a Weyl spinor have? Write down the transformation laws for the 2 types
of Weyl spinors.

Let Dy, Dgr denote the transformation matrices for the left- and right-chiral
Weyl spinors.

(¢) We want to rewrite the transformation laws for Weyl spinor in the standard
notation of eq. (2). Therefore, we define the generalized Pauli matrices

ot = (1,0"), o&":=(1,—0").

Then, we can define the following quantities:

ot = 3((7“5” —o’ah), ot = i(&“a” —a’ch).
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Show that the Weyl spinors transform as

7
¢L — DL¢L = €Xp (_iwuuguy) 77Z)L7

7
YR — DpYr = exp <—§WWUW) Yr.

Hint: You know 77, Tk explicitly. Using the definitions, express first the K's
and J’s in terms of Ty, Txr. Second, express the M#’s in terms of K’s and J’s.
Now identify the components of o#”, " with the components of M*”. You will
see that they are equal.

(d) Prove that o9 = (Dy)ToyDy. Hint: First, observe that D' = DE. Second, show
that 09 Doy = D%. Third, take the transpose of the last expression.

(e) Let (@), (V1) be Weyl spinors. Using the result of the last exercise, show that
(P L)TUQ\IJ 7, 1s invariant under Lorentz transformations.

In the following, we will use this result to construct Lorentz invariant combina-
tions of Dirac spinors.

3. Dirac Spinors

Remember that the gamma matrices in the Weyl representation are given by

0: 0 ]12 i: 0 ‘ 0_7:
Y ]12 0 . —gt 0 :

(a) Examine the behaviour of the Weyl spinors under space reflections P with P :
(20, Z) — (29, —Z) and show that P exchanges left- and right-chiral spinors.

(b) The simplest representation that closes under P is therefore given by

U = ( ;ﬁ; ) N(%,O)@(oé).

¥ is called a Dirac spinor. Show that it transforms as

Y= D= exp (%wwﬁ‘“’) Y

under a Lorentz-transformation, with v := £[y# ~4”]. Use your knowledge on
the transformation properties of Weyl spinors.

(c) Derive
D‘W"D = A" A7

Hint: Calculate both sides of the equation for infinitesimal transformations and
use the identity [y*,77] = —(M"7)H ~*.
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(d) Define 75 := i7%y!92~3. Calculate 5 in the Weyl representation and show that
5 anti-commutes with the other gamma matrices: {7s,7"} = 0.

(e) In the Weyl representation, we have (7°)f = 49, (v%)" = —+%. Define v := ¢fy,
and show that the bilinear covariants

(@) oy (i) pinsy (idd) Py (iv) Yyyse (v) Dily", " ]e

transform under a Lorentz transformation as a scalar, pseudoscalar, vector, pseu-
dovector, (2,0)-tensor, respectively.

(f) Define the projection operators

1 1
PL:§(1—75>, PR:§(1+”}/5)

Show that Pr g project onto the left/right-chiral Weyl spinor.

(g) Show that the Dirac equation is equivalent to the pair of equations

i’Y“ ;ﬂ/)R - me =0, Z.’Yua,u@Z)L - m¢R =0.

Note that for m = 0, the 2 equations decouple.



