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1. Lie Derivative

(a) Show that

£ugαβ = uα;β + uβ;α

by directly computing the difference [g ′αβ(Q) − gαβ(Q)]/ε at point Q.

(Remember that ; denotes covariant differentiation).

(b) Show that £uAα = Aα
,βuβ

− uα
,βAβ is equivalent to

£uAα = Aα
;βuβ

− uα
;βAβ

(c) Establish the Leibniz rule for Lie derivatives

£u(Aα pβ) = (£uAα)pβ + Aα(£upβ)

2. Killing Vectors and Symmetries

You have seen that the condition for a ξα to be a Killing vector is that

£ξgαβ = ξα;β + ξβ;α = 0

(a) Verify that, if the metric is independent of some coordinate xσ∗, the vector ∂σ∗ satisfies the

Killing equation.

(b) It is possible to show that in n dimensions, the maximum number of Killing vectors is given by

n(n + 1)/2 (you can try to show this). Consider the 3D metric

ds2 = dx2 + dy2 + dz2

Find all the Killing vectors associated to this space. What are the isometries associated to

these vectors?

(c) Use the result above to find all Killing vectors of the two-sphere S2 with metric

ds2 = dθ2 + sin2 θ dφ2

(d) Show that the three vectors you found above, satisfy the algebra

[R,S] = T [S, T ] = R , [T,R] = S .


