String Theory

Winter Term 2008/2009

Problem Sheet 7
Discussion: January 7, 14:00 in Horsaal 118, AVZ

1. Show that
el rr X e miwpe B — 2K, TP + O(w2) :
Deduce that ¢T'"4 transforms as a vector, while ¢)['*,1 is a scalar.

2. In the following, we will consider a five-dimensional theory where the fifth coordinate
is curled up on a circle, #* = y = y + 27 R. (The index M runs from 0 to 9, while the
nine-dimensional indices are pu,v =0,...,8.)

(a) For starters, ignore gravity and take a free complex scalar field with the action
5= [ @ (0ue) 9o+ ar61o)

Show, using Fourier expansion, that the theory is equivalent to a four-dimensional
theory with an infinite tower of fields ¢,, with masses m? ~ M? + n?/R?! This is
called the Kaluza—Klein tower.

(b) Repeat the exercise for a ten-dimensional spinor W! (The Lagrangean is
L =UTMYy U + MIUV.)

(¢) Now turn to gravity. The metric in five dimensions is denoted by G sy, the action
is of the usual Einstein—Hilbert form
1
S —
167G (5

/d5{lf\/ -G R(5)

with the Ricci scalar Ry constructed from Gy and the five-dimensional Newton
constant Gs).

It is convenient to parametrise the metric and its inverse in the following form:
_ =% [ Guv + ¢A/JAI/ (bAu MN _ % g/W —A#
GMN—¢3< ¢Au (Z) ’ G _¢3 — AV é_‘_AMAM :

Now assume that g,,, A4, and ¢ do not depend on y. (Why could this assumption
be justified?) Show that the theory reduces to four-dimensional general relativity
coupled to a U(1) gauge field and a scalar! What is the resulting four-dimensional
Newton constant?



3. Now consider string theory on M'® x S (where M'# is nine-dimensional Minkowski
space). The radius of the S! is again denoted by R.

We define an operator H which maps

I X — X7
XS — XY

(a) Recall the spectrum of the closed string, including Kaluza—Klein and winding
modes. Is H a symmetry of the spectrum?

(b) Find the spectrum for open strings with Neumann boundary conditions along X?,
ie. 80X9‘U:07r = 0! What is the action of H on the boundary conditions and the

spectrum?

(c) Repeat the exercise for Dirichlet boundary conditions, ie. X?(c =0) = 0,
X%(oc=m)=1



