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—CLASS EXERCISES—

C 1.1 The Dirac equation

Using the operator substitutions 7 — —iV, £ — i0; it is possible to get the equations
for quantum mgchanics from the energy-momentum relations. From the non-relativistic
equation E/ = 7 one obtains the Schrodinger equation.

a) Obtain the Klein—Gordon equation from the relativistic energy-momentum relation
gy
E? = p2 + m?. Dirac’s basic idea was to “factorize” the Klein-Gordon equation to

(b)

obtain an equation which is first-order in the derivatives.

Make the ansatz

Hy = (a; p' + fm)y.

(1)

Squaring the Hamilton operator eq. (1) and using H?¢ = E*) should give the Klein—

Gordon equation. Show that from this requirement it follows:
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(2)

Why are the o; and the 3 not numbers? Why do they have to be hermitian (A = AT)?

What does it imply?

Define the Dirac matrices v*, 4 =0...3 by

V=3 4 =Ba i=123.
Show that the Dirac equation Hv = E1) can be written in the covariant form
(iv"0y —m) ¥ = 0.
Show that the gamma matrices fulfill the Clifford algebra

=201, n" = diag (1,-1,—1,-1).

Show the following relations:
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The lowest dimensional matrices satisfying the Clifford algebra eq. (5) are 4 x 4 ma-
trices. The choice of the matrices is not unique. The following are two possible
representations: The Weyl (or chiral) representation

0 1 —o; 0 ; 0 o
0 __ 2x2 - 7 i_ i
7 - ( ]l2><2 O ) ) Q; ( O o; ) ) "Y ( —0; 0 ) ) (8)

and the Dirac-Pauli representation

1 0 0 o ; 0 o
0 __ 2x2 - i i_ A
Y= < 0 _]12><2 ) ) Q; ( o; 0 ) ) Y ( —0; O ) : (9)

Here 01, 05 and o3 are the Pauli matrices

(1) e (0F) (b 5)

which satisfy the anti-commutation relation
{O'Z‘, O'j} = 25” ]1.2><2 . (11)

(g) Verify that each set of matrices egs. (8), (9) fulfills the Clifford algebra eq. (5).

C 1.2 Free solutions of the Dirac equation
Since H is represented by a 4 x 4 matrix, the ¢’s are 4-component objects called spinors:

Y = (Y1, o, Y3, ¢a) .

(a) Use the covariant form of the Dirac eq. (4) to show that for every ¢,, a =1...4:
(O+m?) e =0. (12)

(b) For free particles it is possible to make the ansatz ¢ = wu(p)e '*. Plugging it into
eq. (1) and considering the Dirac-Pauli representation eq. (9) show that

Hu = mﬁ]lzfz o P A —p( " 5 (13)
g-p  —mlaxe up up
with u splitting into two 2-component spinors u4 and up.

(c) What are the energy eigenvalues for a particle at rest? Interpret the result.

(d) Now take p'# 0. We will label the solutions by an index s. You can find two solutions by
choosing ufj) = x® with y(¥ = (0,1)” and x® = (1,0)”. Which are the corresponding
ug? What can you say about the energy eigenvalues of these solutions? Proceed
analogously for the remaining two solutions.

(e) It is convenient to choose the covariant normalization [Ty dV = 2|E|. Use this to
normalize the u(®)’s.

From the solutions we see that there are always two solutions per eigenvalue. Such
degeneracies are always due to additional symmetries.
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(f) Show that the operator

o1& p 0 .
2- = — ~ 5 p—
b 2< 0 E-ﬁ) b

(14)

corresponds to an observable, i. e. it commutes with H and P. The associated quantum

number is called helicity.

Choose p along the z axis. What are the helicities of the u(®)?

~HOME EXERCISES—
H 1.1 ~-Matrix identities

1.5+5+3.5=10 points

The following exercise is to be solved by only using the Clifford algebra of the y-matrices
and not a particular representation. For convenience we introduce the notation

7 =iy

(a) Show that

(15)

)= ()=1, {Fa}=0. (16)

(b) Prove the following trace theorems.

tr (vv") = 4™

tr (* 7 Py7) = 4(77“”77’” n'n" + ")
tr (v . t) = for n odd
tr’y5 0
tr (v#9"9°) =0

tr (7#9"777°) = —die?
Hint: Use the cyclicity of the trace.

(c¢) Show the following contraction identities:

Vo =4-1
V= =2y

VA Ay =407 1
VA ANy = =297

v

H 1.2 The Lorentz group

The Lorentz group is defined as the set of transformations
at — A

which leave the scalar product (z,y) = 7, z*y” invariant.

3

1+2+83+3+1=10 points
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. Show that an element A of the Lie algebra of the Lorentz group satisfies:
M= —n\n. (28)

Hint: Reformulate the statement about the invariance of the scalar product in
N = Npo A, A%, and write an element of the Lorentz group as A, = o, — i\,

. Choose
(MH)P =i (nd", —n"Pok,) (29)

as a basis for the Lie algebra. What do these matrices look like? Describe the form
of the matrices in words. Verify the commutation relations

[MIW, Mpa] — (nule/U . nuaMup . nl/pMuU + nquup) ] (30)

. We split the generators into two groups:

. 1 .. . . )
Ji = §ew’fMﬂ’f, K'= M". (31)

The J’s have only spatial indices, the K’s have spatial and timelike indices. Verify
the commutation relations

[Ji’ Jj} _ ieijkjk’ [Ji’Kj} — ieiijk’ [Ki, Kj] — _ieijkjk’ (32)

and describe the meaning of each relation in words. What kind of transformations
do the J’s and K'’s correspond to?

. The form of the commutation relations for the Lorentz algebra can still be simplified.
Define

) 1 , ,
=3 (J' +£iK") (33)
and verify the commutation relations
(17, T!] = ie* T, (T3, T3] = ie* TE (17, T3] = 0. (34)

. Classify the representations of the Lorentz algebra using what you learned about
su(2).

Conclusion: Every representation of the Lorentz algebra can be characterized by
two non-negative integers or half-integers (jr, jr)-



