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H 1.1 The Lorentz group 1+2+5+3+1=10 points

The Lorentz group is defined as the set of transformations

at — A ¥

which leave the scalar product (z,y) = 7, z"y” invariant.

(a)

()

Show that an element \ of the Lie algebra of the Lorentz group satisfies:
M =—n\p.

Hint: Reformulate the statement about the invariance of the scalar product in
N = Npe A, A%, and write an element of the Lorentz group as A, = ¥, — i,

Choose
(MH)P =1 (n"o", —n"Pok)

as a basis for the Lie algebra. What do these matrices look like? Describe the form of
the matrices in words. Verify the commutation relations

[MH MP?] = —i (" MY — " MY — P M + 1”° M**) .
We split the generators into two groups:

Ji — %EZJijk ’ KZ — MOi )

The J’s have only spatial indices, the K’s have spatial and timelike indices. Verify the
commutation relations

[, F] =ié gk, [ KT =it Kr K K] =~

and describe the meaning of each relation in words. What kind of transformations do
the J’s and K'’s correspond to?



(d) The form of the commutation relations for the Lorentz algebra can still be simplified.
Define

. 1,
ﬁ/R: 5 (JZZ*ZIK)
and verify the commutation relations
(17, T]] =i T}, (T3, T3] =1ie7* Tk, (77, T%] = 0.

(e) Classify the representations of the Lorentz algebra using what you learned about su(2).

Conclusion: Every representation of the Lorentz algebra can be characterized by two
non-negative integers or half-integers (jr, jr)-

H 1.2 ~-Matrix identities 1.5+5+3.5=10 points

The following exercise is to be solved by only using the Clifford algebra of the y-matrices
and not a particular representation. For convenience we introduce the notation

3P = A0y ln243
(a) Show that
(VS)T =, (75)2 =1, {+°,4*} =0.

(b) Prove the following trace theorems.

tr(7"") = 4™
tr (Y97 P7) =4 ("7 — T + )
tr (v . ..yH) =0, for n odd
try® =0
tr (7“7"75) =0
tr (v#9797777") = —4ie""”

Hint: Use the cyclicity of the trace.
(¢) Show the following contraction identities:
Vo =4-1
VY =2y
VA Ay =4An" 1
VAN = =279
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