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H 1.1 The Lorentz group 1+2+24142+3+4+4+1=20 points
The Lorentz group O(3,1) is defined as the set of transformations
at — AP
which leave the scalar product (x,y) = 7, x*y” invariant, where 7 is the Minkowski metric
n = diag(—1,1,1,1) .
(a) Show that invariance of the scalar product implies
Moo A AT, = Ny - (1)

(b) Use the previous equation to show that |[A%| > 1 and |det(A)| = 1. Argue that this
splits O(3,1) into four (disconnected) branches.

(c) Show that the subset
SO*(3,1) = {A € O(3,1) |Af > 1, det(A) = 1}
forms a subgroup of SO(3,1), the so-called proper orthochronous Lorentz group.

(d) Identify the Lorentz transformations associated to time and parity reversal and relate
them to the respective branches.

iX

(e) Some Lorentz transformations can be written in the following exponential form A = e™'%,

with A some 4 x 4 matrix. To which branch do these transformations belong? Explain
your answer. Show that A satisfies:

M= —npan.

Hint: Reformulate the statement about the invariance of the scalar product in (1) and
write an element of the Lorentz group as A, = 6%, — i\,



(f)

(i)

Choose
(MM)P = 1(n""0", —n"*é",)

as a basis for the Lie algebra. What do these matrices look like? Describe the form of
the matrices in words. Verify the commutation relations

MM MP?] = —i (g M"Y — " MYP — g M*" + ¥ M"*) |
n n n

We split the generators into two groups:

The J’s have only spatial indices, the K’s have spatial and timelike indices. Verify the
commutation relations

[Ji7 Jj} = ieijkjk’ [Ji, Kj] — ieiijk, [Ki,Kj} _ _iEiijk’

and describe the meaning of each relation in words. What kind of transformations do
the J’s and K'’s correspond to?

The form of the commutation relations for the Lorentz algebra can still be simplified.
Define

‘ 1, .
ﬁ/R: 5 (JZZEIK)
and verify the commutation relations
(T3, T]] =i T,  [Th,T4] =i T, [T}, T3] =0.

Classify the representations of the Lorentz algebra using your knowledge of SU(2).



