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H 5.1 Gell-Mann Matrices 0,5+4+2+1,5=8 points

The standard basis for the fundamental representation of su(3) is

T 1 =
1
2

0 1 0
1 0 0
0 0 0

 , T 2 =
1
2

0 −i 0
i 0 0
0 0 0

 , T 3 =
1
2

1 0 0
0 −1 0
0 0 0

 , T 4 =
1
2

0 0 1
0 0 0
1 0 0

 ,

T 5 =
1
2

0 0 −i
0 0 0
i 0 0

 , T 6 =
1
2

0 0 0
0 0 1
0 1 0

 , T 7 =
1
2

0 0 0
0 0 −i
0 i 0

 , T 8 =
1

2
√

3

1 0 0
0 1 0
0 0 −2

 .

(a) Why are there exactly 8 matrices in the basis?

(b) Evaluate the commutators of these matrices to determine the structure constants fabc.
Show that, with the normalizations used here, fabc is totally antisymmetric. Hint:
This exercise is tedious; you may wish to check only a representative sample of the
commutators.

(c) Check the orthogonality relation,

tr{T aT b} = `(r)δab ,

where `(r) is a constant for each representation r and it is known as the Dynkin
index. Evaluate the constant `(r) for this representation. Hint: Just check it for a
representative sample. What is the trace of a product of a diagonal and a off-diagonal
matrix?

(d) Why is {T 3, T 8} a good choice for the Cartan subalgebra? Show that it is diagonalized
by the (complex) basis transformation,

T± = T 1 ± iT 2 , U± = T 4 ± iT 5 , V± = T 6 ± iT 7 .
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H 5.2 The Standard Model Higgs effect 1+2+2+1.5+2+1.5+1+1 = 12 points

The Glashow–Weinberg–Salam theory is the part of the Standard Model (SM) of particle
physics which describes the electroweak interactions by a non-Abelian gauge theory with
the gauge group SU(2)L×U(1)Y . In a one-family approximation, the SM has the following
particle content:

L =
(
νL
eL

)
R = eR Φ =

(
φ+

φ0

)
T aW a

µ Bµ

Hypercharge Y −1 −2 +1 0 0
SU(2)L rep. 2 1 2 3 1

Lorentz rep. (1/2, 0) (0, 1/2) (0, 0) (1/2, 1/2) (1/2, 1/2)

where L, R contain Dirac spinors and the superscripts in the Higgs doublet denote elec-
tromagnetic charges. The corresponding Lagrangian is given by

L =

kinetic energy terms of
leptons and interactions
with gauge bosons︷ ︸︸ ︷

R(iγµDµ)R + L(iγµDµ)L

kinetic energy terms of
the gauge bosons and
self-interactions︷ ︸︸ ︷

−1

4
F a
µνF

µν a − 1

4
GµνG

µν

+(DµΦ)†(DµΦ)− µ2Φ†Φ− λ(Φ†Φ)2︸ ︷︷ ︸
Higgs field with potential

−Ge

(
LΦR +RΦ†L

)︸ ︷︷ ︸
electron–Higgs Yukawa
coupling

, (1)

with

Dµ = ∂µ + ig′
Y

2
Bµ + igT aW a

µ , (2)

Gµν = ∂µBν − ∂νBµ , F a
µν = ∂µA

a
ν − ∂νAaµ + gεabcAbµA

c
ν . (3)

(a) Write down how the covariant derivative eq. (2) acts on the left- and right-handed
leptons doublets/singlet and on the Higgs-doublet.

(b) Show that the Lagrangian eq. (1) is Lorentz invariant.

(c) Show that eq. (1) is gauge invariant as well.

(d) For the Higgs mechanism to work we need µ2 < 0. For which value of |Φ| does the
Higgs potential obtain a minimum? By an SU(2)L rotation we can choose the vacuum
expectation value (VEV) of the Higgs field to be of the form 〈Φ〉 = 1√

2
(0, v)T . This

leads to a redefinition of the excitation modes of the Higgs fields,

Φ(x) = exp

{
i

v
ξa(x)T a

}(
0

1√
2

(v + η(x))

)
,

with ξa(x) and η(x) being real fields and T a the generators of SU(2). Now we apply
an SU(2)L gauge transformation such that the angular excitations ξa(x) vanish. This
gauge transformation is called unitary gauge. Show that the Higgs potential in the
unitary gauge is given by

V (Φ) = −µ2η2(x) + λ v η3(x) +
λ

4
η4(x) .
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What is the mass of the η field? Compare the degrees of freedom (DOF) in the Higgs
sector to the situation before symmetry breakdown.

(e) Consider the kinetic energy terms of the Higgs field in eq. (1). Show that

(DµΦ)†(DµΦ) =
1

2
∂µη ∂

µη +
1

4
g2 (v + η)2W−

µ W
+µ

+
1

8
(v + η)2

(
W 3
µ Bµ

)( g2 − g′g
−g′g g′ 2

)(
W 3µ

Bµ

)
, (4)

with W±µ := 1√
2
(W 1µ ∓ iW 2µ).

(f) The masses of the gauge bosons are given by the terms that are quadratic in the fields,
e. g. 1

4
g2v2W−

µ W
+µ = m2

WW
−
µ W

+µ, where mW = 1
2
vg. However, to see the masses of

W 3
µ and Bµ one has to diagonalize the matrix in eq. (4):

v2

8

(
W 3
µ Bµ

)
OTO

(
g2 − g′g

−g′g g′ 2

)
OTO

(
W 3µ

Bµ

)
=
(
Zµ Aµ

)( m2
Z 0

0 m2
A

)(
Zµ

Aµ

)
.

Determine this orthogonal matrix O by computing the corresponding eigenvalues and
eigenvectors. What are the masses of the Zµ and Aµ fields? Compare the DOF in
the gauge sector to the situation before the symmetry breakdown. What can you say
about the total amount of DOF?

(g) As you know, an orthogonal 2× 2 matrix can be written as

O =

(
cos θW − sin θW
sin θW cos θW

)
.

Write cos θW in terms of g′ and g. Show for the ratio of the W - and Z-boson masses

mW

mZ

= cos θW .

The angle θW is sometimes called Weinberg angle or weak mixing angle.

(h) Finally, consider the covariant derivative eq. (2). Substitute the fields Bµ and W a
µ by

W±
µ , Zµ and Aµ and show

Dµ = ∂µ + iAµ eQ+ iZµ
1√

g′ 2 + g2

(
g2T3 − g′ 2

Y

2

)
+

ig√
2

(
0 W+

µ

W−
µ 0

)
,

where we have defined the electric charge e = g′g√
g′ 2+g2

and Q := T3 + Y
2

.
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