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3. The Lorentz group Part II (20 credits)

(a) Elements of Λ ∈ L↑
+ can be written as

Λµ
ν =

[
exp

(
− i

2
ωρσMρσ

)]µ
ν

where ω is an infinitesimal parameter. Calculate the infinitesimal variation of
xµ using this choice for Λµ

ν . Compare your result with part (e) of exercise 2
and use this to show

(Mρσ)µ ν = i (ησνδρ
µ − ηρνδσµ) .

.

(2 credits)

(b) Show that

M =


0 n1 n2 n3

n1 0 m3 −m2

n2 −m3 0 m1

n3 m2 −m1 0


is the most general form of a matrix which satisfies MT = −ηMη. How many
independent matrices do you need to construct a basis for such matrices? Write
down a possible choice.

(3 credits)

(c) Use

(Mµν) =


0 −K1 −K2 −K3

K1 0 J3 −J2
K2 −J3 0 J1
K3 J2 −J1 0


to check that it is possible to write (i, j, k = 1, . . . , 3)

Jk =
1

2
εkijMij, Ki = −M0i.

(2 credits)
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(d) Use (Mρσ)µ ν as given in part (a) to explicitly verify the commutation relation

[Mµν ,Mρσ] = −i (ηµρMνσ − ηµσMνρ − ηνρMµσ + ηνσMµρ) .

(4 credits)

(e) Use part (d) to verify

[Ki, Kj] = −iεijkJk, [Ki, Jj] = iεijkKk, [Ji, Jj] = iεijkJk.

Life is easier if you use (l, n,m = 1, . . . , 3)

εklnεklm = 2δnm, εijkεilm = δjlδkm − δjmδkl.

(4 credits)

(f) Use part (e) to show that

T
L/R
i =

1

2
(Ji ± iKi)

leads to the decoupled commutation relations[
TLi , T

L
j

]
= iεijkT

L
k ,

[
TRi , T

R
j

]
= iεijkT

R
k ,

[
TLi , T

R
j

]
= 0.

(2 credits)

(g) Use (Mµν) from part (c) to show that the parity operator

P = diag (1,−1,−1,−1)

maps TLi to TRi . What is the physical consequence?

(3 credits)
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