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6. Gamma matrices Part II (6 credits)

(a) Let us define

γ5 = i γ0γ1γ2γ3.

Show that (
γ5
)†

= γ5 ,
(
γ5
)2

= 1 ,
{
γ5, γµ

}
= 0

without using a particular representation for the gamma matrices.

(2 credits)

(b) Prove the following trace theorems

tr (γµγν) = 4ηµν

tr (γµγνγργσ) = 4 (ηµνηρσ − ηµρηνσ + ηµσηνρ)

tr (γµ1 . . . γµn) = 0 , for n odd

tr γ5 = 0

tr
(
γµγνγ5

)
= 0

independent of a concrete representation.

(2 credits)

(c) Show the following contraction identities

γµγµ = 4 · 1
γµγνγµ = −2γν

γµγνγργµ = 4ηνρ 1

γµγνγργσγµ = −2γσγργν .

(2 credits)
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7. Dirac and Weyl spinors (14 credits)

(a) Let us introduce the Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

Show that they fulfill the commutation relation [σi, σj] = 2iεijkσk. What does

this imply for T
L/R
i as defined in part (f) of exercise 3?

(2 credits)

(b) Show that one can write

Λ = exp(−i(ω − iζ) · T L) exp(−i(ω + iζ) · TR).

(1 credit)

(c) We call the objects which transform under the Lorentz transformations gener-

ated by T
L/R
i as left- or right-handed Weyl spinor ΨL/R. Let us further define

σµ = (1, σi), σµ = (1,−σi)

and

σµν =
i

4
(σµσν − σνσµ), σµν =

i

4
(σµσν − σνσµ).

Start with

Λ = exp

(
− i

2
ωµνM

µν

)
and use part (a) to show that ΨL/R transform like

ΨL → exp

(
− i

2
ωµνσ

µν

)
ΨL, ΨR → exp

(
− i

2
ωµνσ

µν

)
ΨR.

(2 credits)

(d) Let us define a Dirac spinor in the Weyl representation as

Ψ =

(
ΨL

ΨR

)
.

Show that it transforms like

Ψ→ Λ 1
2
Ψ = exp

(
− i

2
ωµνΣ

µν

)
Ψ, Σµν =

i

4
[γµ, γν ]

with the help of part (c).

(2 credits)

(e) Prove the following equation

[γµ,Σνσ] = (Mνσ)µ ρ γ
ρ.

(2 credits)
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(f) Derive
Λ−11

2

γµΛ 1
2

= Λµ
νγ

ν

with the known infinitesimal transformations

Λ 1
2
≈ 1− i

2
ωµνΣ

µν , Λµ
ν ≈ δµν −

i

2
ωρσ(Mρσ)µν

and the relation from part (e).

(2 credits)

(g) Use part (b) of exercise 5 to show that

Λ†1
2

= γ0Λ−11
2

γ0

and thus we find for Ψ̄ the following transformation behaviour

Ψ̄→ Ψ̄Λ−11
2

, Ψ̄ = Ψ†γ0.

(2 credits)

(h) Calculate how the following terms Lorentz transform

Ψ̄Ψ, Ψ̄γµΨ, Ψ̄ΣµνΨ.

(3 credits)
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