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15. The su(IN) Lie algebra (9 credits)

(a) Consider the space of all N x N matrices. A possible basis is given by ey, with
components (€4)i; = 04i0p;. Show
€ab€ed = ead(sbca [eaby ecd] = 6ad(sbc - ecb(sad'

(1 credit)

(b) We are interested in the Lie algebra su(/N) which means we can think of N x N
matrices which are traceless. We will use ey, with a # b and traceless elements

like
Hi = Z )\ijejj
J

which form a subalgebra b of su(/N) which is called Cartan subalgebra. Its
dimension is called the rank of the algebra and equals N — 1 in our case. Show

[H;,H;] = 0.
We can define the so-called adjoint of H; by ad H;(eq) = [H;, €ap]. Show that
ad Hi(ew) = [H;, €ap] = (Nia — Aid)€ab-
(1 credit)
(c) Let us define
Qe,, (Hi) = Nia — Niv, a;(H;) = Nij — Nijo1.
We call a.,, (H;) roots. Show that all a;(H;) span a basis of the root space.
(1 credit)
(d) Calculate the symmetric bilinear form K(H;, H;) where we define
K(H;, H;) = tr(ad(H;) ad(H,;)).

(1 credit)



(e) It is possible to define a unique element H,, such that
Oéi<Hj> :K(HaiaHj) V]
Use your result from part (d) to identify H,,.

(f) Derive the Cartan matrix which is defined as

Aij = 2 <Oéi7 Oéj) s <Oéi, Oéj> = ’C(Hai, Haj)~

(aj, ;)

16. More about su(3)

(a) The Gell-Mann matrices are defined as

010 —i 0 1
=100, =i 0 0], x=[0

000 0 0 0

00 1 00 —i 0
M=[000], xs=[00 0], x=[0

100 i 0 0 0

00 0 L (100
=00 —i], x=—=[01 0

0 i 0 V3 \o 0 —2

Express the step operators

(2 credits)

(3 credits)
(11 credits)

1 1 1
Ti = 5()\1 + i)\g), Vi = 5()\4 + i)\S)a Ti = §(>\6 + Z)\'?)

in terms of egy.

(1 credit)

(b) Hy = Y/2A3 and Hy = 1/2)\g may be the generators of the Cartan subalgebra of
su(3). Express them with e,,. Remember the definition of H; from part (b) of

exercise 15 and determine the coefficients \;;.

(1 credit)

(c) It is possible to use oy = v, and as = a.,, as basis of the root space. Use this
basis to calculate the Cartan matrix with the result from part (b). Compare
your result with the general form derived in part (f) of exercise 15 and check

consistency.

(1 credit)

(d) Instead of working with the adjoint representation we now consider the so-called
fundamental representation denoted by 3 in the case of su(3). Let us define the

so-called weight vectors

1 0 0
gbl_ 0 ; ¢2_ 1 ) ¢3_ 0
0 0 1



Use H = aH; + bH5 and the eigenvalue equation H¢; = M;¢; to determine the
so-called weights M;. Express M; in terms of the roots like M; = ¢;;aq14¢;5a0 and
derive the coefficients c;;. We define M; > M; by the requirement M; — M; > 0.
A weight is called the highest weight A if A > M; V M, # A. Determine A.

(3 credits)

(e) Compute the Dynkin labels of a weight M; via

(aj, a;)

for all weights in 3.
(2 credits)

(f) It is also possible to construct all weights via the following rules
(i) Start with the weight with Dynkin labels A;; with non-negative entries,
representing the highest weight.
(ii) For each non-negative entry A;; substract the j-th row of the Cartan matrix
A;; times.
(iii) Repeat the last step for all weights until all Dynkin labels are non-positive.

This procedure is usually graphically depicted. In the case of the fundamental
representation 3 we find

in agreement with part (e). Repeat this analysis for (0,1) which is usually
denoted by 3 and for (1, 1) which is the adjoint representation.

(2 credits)



